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Abstract: The linear theory including the effects of bending-torsion coupling and rotatory inertia is used to derive the equations of 
motion for a space beam with variable curvature.  The governing differential equations of motion are derived based on Euler-Bernoulli beam 
theory via Hamilton’s principle.  The full, coupled system of governing partial differential equations has a total order of 12. 
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1. Introduction 

While many of the curved elements used in engineering 
structures are very common shapes like circular arcs and 
helixes, arbitrarily shaped elements also find usage which 
may be expected to expand with the ever increasing 
complexity of mechanisms, aerospace and civil structures.  
The general equations for the small vibrations of an 
arbitrarily-shaped space beam were derived long ago; the 
definitive reference for this (and many other problems) is 
Love (1944) [1] according to whom the general formulation 
for arbitrarily-curved space beams is due to Clebsch (1862) 
[2]. 

 2. Governing Equations  
Following Love [1], we denote the axis along the arc 

length of the spatial curve formed by the centroids of the 
cross-sections (which will be called the wire axis) as z.  X 
and y axes are chosen to be the principal axes of the cross-
section (Fig. 1).   

 

 
 

Fig. 1 Frenet vectors and coordinate system attached to beam axis 
 

The xyz system is therefore attached to the wire axis with 
z denoting the tangent direction while x and y representing 

the orientation of the cross-section with respect to z.  The 
principal normal (N) and the binormal (B) at any point on the 
wire axis are within the cross-section, however, they do not 
coincide with x and y axes, in general. We denote the angle 
between N and y as γ.  The change in  γ  as one moves along 
the main helix axis, /d dsγ  is termed the torsional twist, 
where s  is the arclength along  z.  The unit tangent along z is 
denoted T.  These are related by the Frenet equations: 

𝑑𝑑𝑻𝑻
𝑑𝑑𝑑𝑑

= 𝜟𝜟 × 𝑻𝑻          (1a) 

𝑑𝑑𝑵𝑵
𝑑𝑑𝑑𝑑

= 𝜟𝜟 × 𝑵𝑵          (1b) 

𝑑𝑑𝑩𝑩
𝑑𝑑𝑑𝑑

= 𝜟𝜟 × 𝑩𝑩        (1c) 

 

where is the principal curvature and  τ  is the torsion of 
the wire axis and 

𝜟𝜟 = 𝜏𝜏 𝑻𝑻 + 𝜅𝜅𝑩𝑩      (2) 

is the Frenet vector.  It is the angular velocity of the TNB 
system as its origin moves with unit velocity along the wire 
axis.  The xyz system differs from the TNB system by a 
rotation around T (z axis) through the angle γ between N and 
y; therefore 

BNi γγ cossin −=                                (3a) 

BNj γγ sincos +=                       (3b) 

Tk =          (3c) 

where 𝒊𝒊 , 𝒋𝒋 , 𝒌𝒌  are the unit vectors along  xyz.  The changes 
in these can be expressed as 

𝑑𝑑𝒊𝒊
𝑑𝑑𝑑𝑑

= 𝝎𝝎 × 𝒊𝒊 = 𝜆𝜆 𝒋𝒋 − 𝜅𝜅𝑦𝑦𝒌𝒌                      (4a) 

𝑑𝑑𝒋𝒋
𝑑𝑑𝑑𝑑

= 𝝎𝝎 × 𝒋𝒋 = −𝜆𝜆 𝒊𝒊 − 𝜅𝜅𝑥𝑥𝒌𝒌                     (4b) 

𝑑𝑑𝒌𝒌
𝑑𝑑𝑑𝑑

= 𝝎𝝎 × 𝒌𝒌 = 𝜅𝜅𝑦𝑦𝒊𝒊 − 𝜅𝜅𝑥𝑥𝒋𝒋                      (4c) 

 

 

where 

𝝎𝝎 = 𝜟𝜟 + 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝒌𝒌                (5) 
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is the angular velocity of the xyz system as its origin moves 
with unit velocity along the wire axis; it differs from the 
Frenet vector by torsional twist. In the xyz system 

kjiω λκκ ++= yx                         (6) 

where 

𝜅𝜅𝑥𝑥 = −𝜅𝜅 cos 𝑑𝑑         (7a) 

𝜅𝜅𝑦𝑦 = 𝜅𝜅 sin 𝑑𝑑                                              (7b) 

are the curvatures around x and y directions, and 

𝜆𝜆 = 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝜏𝜏                                                          (8) 

is the total twist with first term showing the torsional and the 
second the geometric twist.  Also relations between 
geometric quantities are needed, i.e., between curvatures and 
twist of wire axis, before and after the loading.  

 Let  𝒊𝒊𝟎𝟎, 𝒋𝒋𝟎𝟎, 𝒌𝒌𝟎𝟎  denote the base vectors attached to a 
point on the wire axis before the deformation as explained 
before.  After the deformation, the point moves to a new 
location and base vectors change to  𝒊𝒊 , 𝒋𝒋 , 𝒌𝒌 .  The 
deformation vector is denoted as 

𝐔𝐔 = 𝑈𝑈𝒊𝒊0 + 𝑉𝑉𝒋𝒋0 + 𝑊𝑊𝒌𝒌0                        (9) 

The point, initially located at 𝑹𝑹,  moves to 

URr +=                                 (10) 

Differentiating this expression with respect to the arclength 

𝑘𝑘 = 𝑘𝑘0 + 𝑑𝑑𝑼𝑼
𝑑𝑑𝑑𝑑

                                      (11) 

where k r /d ds= , 0k R /d ds= .  Since the bar is 
assumed to be unextended, it does not matter what arclength 
is meant by s. The relation between the base vectors of 
undeformed and deformed coordinate systems is written as 

000 kjii 111 NML ++=       (12a) 

000 kjij 222 NML ++=                  (12b) 

000 kjik 333 NML ++=                      (12c) 

 

We find, from Eq. (12c), 

𝐿𝐿3 = 𝑑𝑑𝑈𝑈
𝑑𝑑𝑑𝑑
− 𝜏𝜏0 𝑉𝑉 + 𝜅𝜅𝑦𝑦0 𝑊𝑊                           (13a) 

𝑀𝑀3 = 𝑑𝑑𝑉𝑉
𝑑𝑑𝑑𝑑
− 𝜅𝜅𝑥𝑥0 𝑊𝑊 + 𝜏𝜏0 𝑈𝑈                         (13b) 

𝑁𝑁3 = 1 + 𝑑𝑑𝑊𝑊
𝑑𝑑𝑑𝑑
− 𝜅𝜅𝑦𝑦0 𝑈𝑈 + 𝜅𝜅𝑥𝑥0 𝑉𝑉                 (13c) 

𝐿𝐿3 and  𝑀𝑀3  are  ( )O U  (assuming deformation and 

deformation gradient are of the same small order)  while  𝑵𝑵𝟑𝟑 

is  𝑂𝑂(1). Since 
2 2 2 2

3 3 3k 1L M N= + + = ,  substituting 

from Eq. (A.16) and ignoring  ( )O U   terms, 

13 =N                               (14) 

and to  ( u )O , 

 
𝑑𝑑𝑊𝑊
𝑑𝑑𝑑𝑑
− 𝜅𝜅𝑦𝑦0 𝑈𝑈 + 𝜅𝜅𝑥𝑥0 𝑉𝑉 = 0    (15) 

 

which expresses that the wire axis is not extended.  Thus, we 
have found how the tangent to the wire axis changes 

( )0k k→  expressed in Eqs. (13a), (13b) and Eq. (14).  To 
complete the transformation, we need another parameter. 
Love [1] takes the angle between x axes before and after the 
deformation and denotes the sine of this angle as  , i.e., 

𝑀𝑀1 = 𝛽𝛽                           (16) 

The other entries in the transformation matrix Eq. (12) are 
found by requiring that the matrix is orthonormal; ignoring 
nonlinear terms, 

11 =L                                                           (17a) 

31 LN −=                                 (17b) 

     𝐿𝐿2 = −𝛽𝛽        (17c) 

12 =M                                            (17d) 

32 MN −=                           (17e) 

Therefore, the complete transformation of base vectors 
during deformation is given in terms of  u, v, w, 𝛽𝛽  as 

𝑖𝑖 = 𝑖𝑖0 + 𝛽𝛽 𝑗𝑗0 − 𝐿𝐿3𝑘𝑘0                           (18a) 

𝑗𝑗 = 𝛽𝛽 𝑖𝑖0 + 𝑗𝑗0 −𝑀𝑀3𝑘𝑘0                               (18b) 

𝑘𝑘 = 𝐿𝐿3𝑖𝑖0 + 𝑀𝑀3𝑗𝑗0 − 𝑘𝑘0                                  (18c) 

where 𝐿𝐿3 and 𝑀𝑀3 are given by Eqs. (13a) - (13b).  

Using these in Eq. (4) we find the relations between 
curvatures and twist before and after the deformation: 

𝜅𝜅𝑥𝑥 = 𝜅𝜅𝑥𝑥0 + 𝜅𝜅𝑦𝑦0 𝛽𝛽 − 𝑑𝑑  𝑀𝑀3
𝑑𝑑𝑑𝑑

− 𝜏𝜏0𝐿𝐿3   (19a) 

𝜅𝜅𝑦𝑦 = 𝜅𝜅𝑦𝑦0 − 𝜅𝜅𝑥𝑥0 𝛽𝛽 − 𝑑𝑑  𝐿𝐿3
𝑑𝑑𝑑𝑑

− 𝜏𝜏0𝑀𝑀3                  (19b) 

𝜏𝜏 = 𝜏𝜏0 + 𝑑𝑑  Ɓ
𝑑𝑑𝑑𝑑
− 𝜅𝜅𝑥𝑥0𝐿𝐿3 − 𝜅𝜅𝑦𝑦0𝑀𝑀3                       (19c) 

3.Conclusion 
The equations of motion for an arbitrary three 

dimensional beam, including bending-torsion coupling were 
derived. 
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